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>• . Abstract 

o 

^ I The usual propetry of s <-> f duality for scattering amplitudes, e.g. for 

Veneziano amplitude, is deeply connected with the 2-dimensional geometry. In 
(S| ■ particular, a simple geometric construction of such amplitudes was proposed in 

a joint work by this author and S. Saito (^olv-int/981201^ ). Here we propose 
analogs of one of those amplitudes associated with multidimensional euclidean 
00 ■ spaces, paying most attention to the 3-dimensional case. Our results can be 

O I regarded as a variant of "Regge calculus" intimately connected with ideas of 

the theory of integrable models. 
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^ ■ Introduction 

Mathematical physics was very successful in investigating two-dimensional (or "1 + 1- 
dimensional" ) systems of most various kinds. The next step must be as deep investi- 
O ■ gation of 3-dimensional, and then multidimensional systems. The transfer of interest 

to 3-dimensional systems is observed particularly well in the theory of exactly solv- 
able models, where the research is now focussed on the tetrahedron equation — the 
r> I 3-dimensional analog of the famous Yang - Baxter equation. 

I A remarkable achievement of that theory was demonstration of the fact that 

virtually all usual classical solitonic systems arise from a simple wye - delta trans- 
formation in electric circuits known since 1899 [|l|. This was shown in paper P], 
and in |^ one can find a matrix generalization of that construction, including the 
quantum case, based on the ideas of earlier papers p, |[. 

A domain close to exactly solvable models is studying of scattering amplitudes 
that satisfy the s ^ t duality. Remarkably, here, too, some elementary geometric 
constructions were found recently that produce such amplitudes . These construc- 
tions admit as well wide generalizations related to (almost) arbitrary Lie groups. 

Nevertheless, the constructions of [0 appear naturally associated with geometry 
of 2-dimensional spaces. Recall by the way that it was from Veneziano amplitude 
obeying s ^ t duality that the string theory started with its 2-dimensional string 
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Figure 1: 



world sheet. It is clear that search for similar constructions associated with multi- 
dimensional spaces in a natural and important problem. 

In the present paper a generalization is proposed to one of the amplitudes in , 
namely the amplitude associated with the 2-dimensional euclidean space, to the 
3-dimensional case and then to the case of any dimension. We replace triangles 
from [0 associated with "elementary" amplitudes by tetrahedra or, respectively, 
higher dimensional simplices, and a composition of several amplitudes is represented 
as a simplicial complex. The result can be regarded as some version of Regge calculus 
linked conceptually, due to a generalized s t duality, to the theory of integrable 
models. 

Below, in section |l] we re-derive the formula for "2-dimensional" amplitude 
from 0] in the manner that makes the way to generalizations most clear. Then 
we compute a composition of amplitudes and study duality transformations on the 
example of a complex (hexagon) made of four triangles. Section |1| is intended to 
facilitate, by analogy, understanding of the main section ^ where we are occupied 
with 3-dimensional and then multidimensional constructions. Finally, section ^ is 
devoted to a discussion, mostly in the form of a list of questions for further work. 

1 Amplitudes related to the 2-dimensional euclidean 
space 

In this section, we will start with re-deriving one of the formulae of 0. Our cal- 
culations, very elementary, will be performed is a manner that makes most obvious 
the feasibility of generalizations. Note, by the way, that the most obvious seems 
the possibility to change the group of motions of euclidean plane to other groups, 
already sketched in the last section of 0. More fascinating, however, looks the 
"multidimensional" generalization proposed below in section p|. 

1.1 Duality from a euclidean quadrangle 

Consider a quadrangle ABCD in a 2-dimensional euclidean space (fig. |I|). Let the 
edge lengths /i, ^2, h and be fixed, while the diagonals /a and Iq be able to change. 
We want to compute the derivative (IIq/ dl^. 
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We will do this by "making a road from to Iq via /i". By these words, we mean 
the use of the implicit function derivative formula 



dk ~ dh/dk' ^ ' 

where h is regarded as a fuction of all other edge lengths. 

To consider the "first half of the road" , we will assume for a moment that all the 
lengths except and li are fixed. Then 

dh _ dh _ dh dlACD dlBCD 
dh~~dh~ dlACD ' dlBCD dTs ' 

The second factor in the RHS of @ equals unity, while the first and the third 
— 2SACD/h and h/ {ISbcd) respectively, where 5... denotes the area of a respective 
triangle. From here we find 

l\ dli Ir^ dl^ 



Sacd Sbcd 

Moving similarly further to 1% and taking (|ID into account, we find 

/g dl^ _ dl^ 
Sabc ■ Sacd Sabd ■ Sbcd 



(3) 



(4) 



This is, essentially, what we call the duality relation. As explained in [0], putting in 
correspondence to a triangle of area S and sides k,l,m the amplitude 

A{k,l,m) =exp{XS)/S (5) 

(the exponential factor can be introduced due to the relation 

Sabc + Sacd = Sabd + Sbcd, 

with the same constant A for all triangles), we get, with a proper choice of integration 
limits, the duality in the form 

A(k,l, s) A(s,m,n) dfi(s) = J A(k,m,t) A(t,l,n) d^(t), (6) 

where 

dfi{l) = ldl. (7) 

We propose to integrate in formula (|^) over all possible configurations of a flat 
euclidean quadrangle, including those nonconvex and with self-intersections, taking 
as the integrand the absolute value of LHS or RHS of (^), i.e. assuming that both 
the areas of triangles and the integration measures are always positive (note that 
in 10] another possibility was considered). 
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Figure 2: 



1.2 An example of a greater complex 

Consider an example depicted in fig. |], where several "moves" of type 
are performed one after another. It is not hard to find the Jacobian for passage from 
variables Iac, ^ae, Ice to Ibd, I be, Ide (where Iac is the length of diagonal AC and 
so on), using at each step relations of type (^). We will not write out the Jacobian, 
but only the equality between "state sums" that follows directly from its form: 



S 



ABC 



■ Saee ■ Si 



CDE 



■S 



ACE 



d^ijlBp) ■ d^ilpp) ■ d^jlBE) 
S ARE ■ Sunn ■ SnEE ■ S 



DEE ■ JBDE 



where one can also multiply the integrands by equal factors of the form exp{XSABCDEE)- 
The integration in (|^) can, again, be performed over all fiat euclidean hexagon con- 
figurations. 



In subsection ^]2| we will compare this simple example to a similar example for 
3-dimensional space. 



2 The case of three and more dimensions 

2.1 "Elementary transformation" in 3-dimensional space 

The equality @ that forms the basis of our transformations in 2-dimensional space 
is based on the fact that 6 distances between four points of a euclidean plane obey 
one relation. Similarly, 10 distances between five points of a 3-dimensional space 
are bound with one relation (namely, the Cayley - Menger equation, see 0), and 
this will allow us to derive here a "3-dimensional" formula analogous to (|^). 

Let all the distances between points A, B, C, D, E in fig. ^ be fixed, except Iae 
and I BE- We will derive the dependence between differentials of those latter with the 
help of dihedral angles: a between the faces ACD and ECD, and (3 between ECD 
and BCD. The sum of those angles does not change, because the edge lengths in 
tetrahedron ABCD are fixed, thus 

\da\ = \d^\. (9) 

To connect dlAE with da, let us draw heights AK and EL of faces ACE and CDE. 
It seems convenient to picture this by unrolling both faces on the picture plane, see 
fig. ^. In terms of segment lengths in fig. | we get 
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Figure 4: 



^AE — ^AK ^EL~ '^^AkIeL COS « + Z^j^. 

As only Iae and a can change, 

^ae dlAE = Iak I el sin « da. 
Next, the volume of tetrahedron ACDE 

1 



(10) 



whence 



Vacde = - IcD Iak Iel sin a. 



Iae dlAE „ da 
= o ■ 



Vacde Icd 

Having done similar calculations for tetrahedron BCDE and taking 
account, we get the desired analog of formula @): 



Iae dlAE 




Ibe dlBE 


Vacde 




Vbcde 



that is 



Ibe OIbe 




Vbcde 


^AE dlAE 




Vacde 



(11) 

into 
(12) 

(13) 
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Figure 5: 



2.2 Transformations of a complex of five tetrahedra 



As an example with more vertices and tetrahedra let us take two decompositions 
of a cube C'BA'DAD'CB' in 5 tetrahedra depicted in fig. ^ Surely, this figure 
has a "topological" character — the true edge lengths are not refiected in it and, 
moreover, "faces" like AC'BD' are not obliged to be fiat, and will be in fact regarded 
as tetrahedra with finite volume in intermediate calculations. 

Let us transform the LHS of fig. ^ in its RHS by doing moves of the type de- 



scribed in subsection i.e. replacing one of the edges of diagram with another 
and calculating at the same time the partial derivatives using formula (0). The 
product of those derivatives will be exactly the Jacobian for passage from 6 cube 
face diagonal lengths in the LHS to 6 diagonal lengths in the RHS (the lengths of 
cube edges in LHS and RHS are the same, of course). 

Our first move will be the following. Note that in the vertex A' exactly 3 edges 
intersect, so changing of the length A'B deforms only one (of five pictured in the 
LHS of fig. 1^) tetrahedron, namely A' BCD. Take now for five points in subsec- 
tion points A, B, B', C and and replace the edge A'B with A'B' . After 
this, the tetrahedron A'BCD will cease to exist, while the tetrahedron A'B'CD 
will appear (i.e. all its 6 edges will be present on the new diagram). We will not 
write down the corresponding formulae of type (|13|), but will write down in full the 
12 transformations needed for passing from LHS of fig. ^ to its RHS. Below in the 
LHS we indicate which edge is replaced with which one, and in the RHS — which 
tetrahedra disappear and appear: 



A'B - 

BC - 
BD' - 

BC 
CD' - 
AC - 

CD 



A'B' 
B'C 
B'D' 

> BC 
CD' 
AC 

> CD' 



A'BCD - 
ABC'D - 
ABCD' - 

ABCD - 

AB'CD' 

A'B'CD 

AB'CD - 



► A'B'CD 

► AB'CD 

► AB'CD' 

ABCD ; 
AB'CD' ; 
^ A'B'CD ; 

► AB'CD' ■ 
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> A'B'C'D' ; 
ABC'D' ■ 

A'B'C'D ; 
ABC'D' ; 
A'B'CD' . 

Note that after the first three moves there remain only 3 edges out of 6 intersect- 
ing originally in the vertex B — but, in return, 3 new ones arise at the vertex B'. 
Then the pairs C and C, D and D', A and A' undergo similar changes. 

One can check that finally the following formula, an analog of ®, comes out: 

I u y-' E Ml) = / n n mi)- (w) 

over 5 initial over 6 initial over 5 final over 6 final 

tetrahedra diagonals tetrahedra diagonals 

Again, in analogy with section |I|, one can integrate in both sides over all possible 
configurations of euclidean eight-vertex figure with fixed lengths of "nondiagonal" 
edges, assuming that all V and dfi are always positive. 



A'D - 


^ A'D' , 


A'B'C'D 


BD - 


BD', 


ABC'D - 


AD - 


A'D, 


AB'C'D 


AB - 


A'B, 


ABC'D' 


AC - 


-^A'C, 


AB'CD' 



2.3 An example with "curvature" 



Return now to constructions of subsection 2.1 in order to show that one can introduce 



there a "discrete curvature concentrated in the edges of the complex" , in the spirit 



of Regge calculus in quantum gravity. Namely, let the "curvature" in fig. | be 
concentrated in edge CD, which shows itself in the fact that the sum of dihedral 
angles a between faces ACD and BCD, (3 between ECD and BCD, and 7 between 
BCD and ACD equals not 27r but another fixed value, 27r— a;. The Cayley - Menger 
equation for distances between vertices in fig. |^ is replaced by another relation 
depending on oj. This relation can be derived by adding to (p!0D two similar equalities 
expressing Ibe through /? and Iab through 7, computing the triangle heights (two 
of the three heights are pictured in "unrolled" form in fig. ^ and segments in which 
they divide the triangles' base CD in terms of side lengths using usual planimetry, 
and then excluding a, (3 and 7 that obey 

a + /5 + 7 = 27r — a; 

from the obtained relations. Important is that formula \da\ = \d(3\ and all 
subsequent calculations in subsection including formula (0), remain valid, with 
the volumes of tetrahedra expressed through edge lengths by the usual formula: 

V"^ = (0105(02 + 03 + 04 + ae — cti — 05) + a2aQ{ai + 03 + 04 + 05 — 02 — ag) 

+0304(01 + O2 + O5 + Og — O3 — O4) — O1O2O4 — O2O3O5 — O1O3O6 — O4O5O6), 

where if e.g. V = Vacde is the volume of tetrahedron ACDE, then 

_ 72 —72 — 72 — 72 — 72 — 72 

'^1 ~ ''AE^ '^2 — l-CE^ '^3 — '^4 — 'aC' '^5 — ^CD' '^6 — 'AD' 

but the ten lengths enjoy now the relation including the curvature! 
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2.4 Multidimensional generalizations 



In full analogy with the "3-dimensional" formula (|TTp, one can obtain a similar 
formula for n-dimensional space: 



vZc 



n[n 



D...Z 



da 

"^AZ 



(15) 



where Vacd...z is now the n-dimensional hypervolume of the corresponding simplex 
(with n + 1 vertices), Iaz is the length of edge AZ, S-^ is the {n — 2)-dimensional 
"hyperarea" of the simplex obtained from ACD ... Z by moving off the vertices A 
and Z, and a is the angle between two [n — l)-dimensional faces obtained from 
ACD ... Z by moving off points A and Z respectively. From here, of course, analogs 
of formulae (p!2| ) and (|13]) follow, e.g., the analog for the first of them is 



(16) 



Iaz dlAz 




Ibz dlsz 


Vacd...z 




yBCD...z 



3 Discussion 



We have presented in subsection |2.2| only one of the simplest examples of recon- 
struction of a 3-dimensional simplicial complex, and in subsection |2]^ — only a first 
indication that the "discrete curvature" understood in the sense of Regge calculus 
in quantum gravity can be included in our models. Thus the first natural problems 
for further work are: describe reconstructions leading to state sum equalities of type 
(|T4D for more complicated complexes, preferably including edges where nonzero cur- 
vature is concentrated. Maybe one should consider formulae like (^) and (|T^) as 
defining one more "duality" — between an edge length and an angle. 

Another group of questions is about whether there exist "moves" of some other 
form than presented in this paper that conserve a properly chosen "state sum" , say, 
in two dimensions — moves of type /\'*^^^ so on. 

The third group of questions is: in this paper, one of two 2-dimensional models 
from is generalized. It is interesting to try and find a multidimensional general- 
ization of the second model (related to Veneziano amplitude) and, more generally, 
for wider variety of models. 

The fourth group of questions, very natural for those working in the theory of 
exactly solvable models, deals with actual calculation of "state sums". Note that 
the paper [§] indicates, in particular, at the closeness of the 2-dimensional duality 
and Yang-Baxter equations. 

The fifth group of questions is about models that can be obtained as reductions 
of models in a higher-dimensional space. As soon as the dimensionality of a space 
can grow up to infinity, it seems likely that the richness of "low-dimensional" mod- 
els can, too, increase considerably. Contiguous is the question about including in 
multidimensional amplitudes an exponential factor like the one in (j^). 
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MnoroMepHbie anajiorM reoMeTpuMecKoii 

s ^ t /];yajii>HOCTM 



H.r. KopenaHOB^ 



Multidimensional analogs of geometric s ^ t duality 

I.G. Korepanov 

Abstract 

The usual propetry of s t duality for scattering amplitudes, e.g. for 
Veneziano amplitude, is deeply connected with the 2-dimensional geometry. In 
particular, a simple geometric construction of such amplitudes was proposed in 
a joint work by this author and S. Saito (^olv-int/981201^ ). Here we propose 
analogs of one of those amplitudes associated with multidimensional euclidean 
spaces, paying most attention to the 3-dimensional case. Our results can be 
regarded as a variant of "Regge calculus" intimately connected with ideas of 
the theory of integrable models. 

AHHOTaii;Hji 

06i.iHHoe cBOHCTBo s <-> t ;iyajiL.HocTH njiH aMnjiHTyji pacceiiHHfl, 
HanpHMep jijih aMnjiHTy^ju BeneuHaHo, opraHH^ecKH cBHsano c ^inyMep- 
Hoii reoMeTpHeii. B ^acTHocTH, npocTaa reoMeipH^iecKaii KOHCTpyKT- 
CHH aunjinTyfl, TaKoro THua 5L.iJia npe^Jio>KeHa b coBMecTHOH paSoie 
(solv-int/9812016) asTopa h C. CaiiTO. S^iecr. mbi ctpohm anajiorH 

O^IHOii H3 9THX aMnJIHTyfl, CBilSaHHBie C MHOrOMepHBIMH eBKJIH^XOBBIMH 

npocTpancTBaMH, ocTaHaBJiHsajicL. HaH5ojiee no/tpoGno na TpexMepnoM 
cjiy^ae. PesyjiBTaTBi Mo>iCHo paccMaTpHBaTL. KaK BapnaHT "Hc^iHCJieuHH 
Pe^jKe" , TecHo cBHsaHHBiH c vineHMH TeopHH HHTerpHpyeMBix Mo^iejieH. 



BBe^eHne 

MaTeMaTH^^ecKaa ^vlsvlkb, ^ocTHrjia sHaMHTejibHbix ycnexoB b Hccjie^OBaHHH 
^ByMepHbix (hjih "1 + 1-MepHL.ix") chctcm caMbix pasjiHT^Hbix bh^ob. Cjie- 
ffyK)m,w.M maroM ^ojdkho CTaTL. TaKoe yKe rjiySoKoe Hay^^eHHe TpexMepnbix, a 
3aTeM H MHoroMepHbix cHCTeM. IlepeHoc HHTepeca na TpexMepHbie cHCTeMBi 
ocoSeHHo xopomo bh^bh b TeopHH tohho pemaeMbix Mo^ejieii, r^e b (|)OKyce 

*E-Mail: igor@prima.tu-chel.ac.ru 
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Hccjie^OBaHHH ceftT^ac Haxo^HTca ypaeneHue mempaadpoe — TpexMepHbiii 
anajior SHaMeHHToro ypaBHeHHH Hnra - BaKCTepa. 

3aMeT^aTejiL.HL.iM /(ocrajKeHHeM aToii TeopHH aBHJiacL. ;i;eMOHCTpau,HH 

TOrO, T^TO npaKTHMeCKH BCe o5L.IMHL.ie KJiaCCHMeCKHe COJIHTOHHbie CHCTeML.1 

B03HHKaioT H3 npocTOLO npeo5pa30BaHHH SBes^a - TpeyrojiBHHK b sjick- 
TpHMecKHX Ltenflx, HSBecTHoro c 1899 ro^a [[T]]. 9to 5l.ijio noKasano b 
paSoTe [|3|, a B |]4| mo>kho HaiiTH MaTpHMHoe o5o5Lij,eHHe aToii KOHCTpyKLi,HH, 
B TOM MHCJie Ha KBaHTOBBiii cjiyMaii, ocHOBaHHoe na vifl^esix 5ojiee paHHHx 
paSoT 

Po^CTBeHHoii TOMHO pemaeMLiM Mo^ejiHM oSjiacTbio aBJiaeTca Hsy^eHHe 
aMHJiHTy^ pacceHHHH, y^oBJieTBopHiOLLi,Hx s ^ t ^yajiBHocTH. SaMe^aTejiBHo, 
MTO H s^ecL. He^aBHo 5l.ijih HaH^eHbi ajieMeHTapHbie reoMeTpHMecKHe koh- 

CTpyKLI,HH, npOH3BO^HLLI,He TaKHB aMnJIHTy;];bI [|^]. 3th KOHCTpyKLtHH TafOfCe 

^onycKaiOT mnpoKHe o5o5in,eHHa, cBHsanHbie c (homth) npoHSBOJibHbiMH 
rpynnaMH Jim. 

Tern He Menee, KOHCTpyKLi,HH paSoTBi npe^jCTaBJiaiOTCH opraHHMecKH 
CBflsaHHBiMH c reoMBTpHeH deyMepHux npocTpancTB. HanoMHHM KCTaTH, 
MTO HMeHHO H3 aMnjiHTyj^Bi BeneiiHaHo []9[, y^^oBJieTBopaiomeH s ^ t 
^yajiBHocTH, pasBHJiacL. Teopna CTpyn c ee ^ByMepHBiM CTpyHHbiM mhpobbim 

JIHCTOM. rioHHTHO, MTO HOHCK aHaJIOrHMHblX KOHCTpyKLI,HH, CBH3aHHL.IX C 
MHOrOMepHBIMH HpOCTpaHCTBaMH, HBJIfleTCH eCTeCTBeHHOH H aKTyaJIBHOH 

sa^aMeii. 

B HacTOHLHeH CTaTL.e npe^JiaraeTca oSoSmeHHe o^Hoii h3 aiunjiHTy^ 
paSoTBi 1^, a HMeHHO cBasaHHoii c ^ByMepHbiM eBKJiH^oBbiM npocTpancTBOM, 
Ha TpexMepHBiii cjiyMaii h ^ajiee na cjiyMaH jiioSoh pasMepnocTH. 
TpeyrojiBHHKH h3 []7[, kotopbim conocTaBJiajiHCB "sjieMeHTapHBie" aM- 
njiHTy^Bi, MBi saMenaeM TeTpaa;];paMH hjih cooTBeTCTBeHHo cHMnjieKcaMH 
BBicniHx pasMepHocTeH, a komhoshlihh necKOJiBKHx aMnjiHTyji; reoMeTpHM- 
ecKH H3o5pa>KaeTCH HeKOToptiM cHMnjiHLi;HajibHBiM KOMHJieKcoM. PesyjiBTaT 
Mo>i<HO TpaKTOBaTb KaK HeKOTopBiH BapHaHT HCMHCJieHHH Pe^>Ke, mjxevaio 
CBflaaHHBiii, Sjiaro^apa oSoSLtieHHOH s ^ t ^yajiBHocTH, c TeopHeii 
HHTerpHpyeMBix Mo^^eJieii. 

HH}Ke B paa^ejie ^ mbi aanoBO bbibo^hm (|)opMyjiy p,nsi "^ByMepHoii" aM- 
njiHTy^Bi H3 paSoTBi cnocoSoM, KOTopbiii ^eJiaeT HanSoJiee acHoii ^opory 
K o5o5LLi,eHHHM. 3aTeM MBI BBiMHCJiaeM KOMno3HLi,Hio aMHJiHTy^ H Hsy^aeM 
npeo5pa30BaHHH ^yajiBHOCTH na npHMepe KOMnjieKca (mecTHyrojiBHHKa), 
cocTaBJieHHoro h3 MeTBipex TpeyrojiBHHKOB. Pas^eji |l] npHSBan oSjierMHTB, 
no anajiorHH, noHHMaHHe ochobhoto pas^ejia 0, b KOTopoM mbi sanHMaeMca 
TpexMepHbiMH H saTeM MHoroMepHBiMH nocTpoeHHHMH. HaKOHen;, pas^eji ^ 
nocBHLaeH o5cy>K^eHHio, rjiaBHbiM oSpasoM b {|)opMe cnHCKa BonpocoB jiJisi 
^ajiBHeiimeH paSoTBi. 
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Phc. 1: 

1 AMnjiHTy^i, CB^saHHbie c ^yMepHbiM gbkjih- 

/];OBBIM npOCTpaHCTBOM 

B 9TOM paa^ejie ml.i cHai^ajia BBise^eM o^ny h3 (|)opMyji paSoTbi 0. HaniH 
BecbMa sjieMeHTapHbie BbiKJia^KH 5y^yT npoBe;];eHbi TaK, t^to5l.i CTajia 
KaK Mo>KHo Sojiee acHoii bo3mo3*choctl. hx oSoSmeHHii. SaMeraM cpasy, 
TiTO HanSojiee oMeBH^Hoii npe^CTaBJiaeTca bosmojkhoctl. saMeHBi rpynnbi 
^BHJKeHHH eBKJiH^joBoii HJiocKOCTH Ha ^pyrHB rpynnL.1, yjKe HaMe^^eHHaH b 
3aKJiioMHTejiL.HOM pas^^cjie paSoTBi 0. Bojiee 3axBaTL.iBaioiri,HM, o/tHaKo, 
npeflCTaBJiaeTca "MHoroMepnoe" o5o5meHHe, npe^JiaraeMoe HH>Ke b 
pas^ejie 0. 



1.1 ZlyaJIBHOCTL. H3 GBKJIH^OBa ^GTBipexyrojiBKHKa 

PaccMOTpHM MeTL.ipexyroJiL.HHK ABCD b ^jByMepnoM eBKJiH^OBOM npocTpan- 

CTBe (pHC. riyCTL. ;iJIHHL.I CTOpOH ll,l2,U H h {t)HKCHpOBaHL.I, a ^HarOHaJIH 

I3 H Iq MoryT MeHHTBCH. Hac HHTepecyeT npoHSBo^Haa dl^/ dl^. 

3Ty npoH3Bo;];Hyio ml.i 5y^eM bbmhcjihtl., "npoJio>KHB ^opory ot k 
Mepes /i" . rio^ aTHM ml.i noHHMaeM HcnojibsoBaHHe (J)opMyjibi npoHSBo^Hoii 
HeaBHOH (J)yHKn;HH 

dk ^ dh/dh 

dh ~ dh/dh' ^ ' 

B KOTopoii li paccMaTpHBaeTCH KaK ^ynvaxvia. ^jihh Bcex ocTajiL.HL.ix OTpesKOB. 

Hto5l.i paccMOTpeTb "nepByio noJiOBHHy nyTH" , 5y^eM TenepL. ci^HTaTL., 
MTO (})HKCHpoBaHL.i p^jivLUi,! Bcex OTpesKOB, KpoMC ^ ToT^a 

dh _ dh _ dh dlACD dlBCD 

dh~~dh~ dlACD ' dlBCD dfs ' ^' 

BTopoii coMHo>KHTejiL. B npaBoii i^acTH (|2]) paBen e^HHMLie, a nepBtra 
H TpeTHii — cooTBeTCTBeHHO 2SACD/h H Is/{2Sbcd), r^e S*... oSosnaMaeT 
njioLiJ,a^L. cooTBeTCTByioLiJ,ero TpeyroJiBHHKa. OTCio^a naxojiHM 

hdh _ hdh , , 

JACD JBCD 
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Phc. 2: 

JiBHraflCL. anaJiorHT^HO ;];aJiL.me k /g h yT^HTbiBaa (|T]), naxo^HM 



Sabc ■ Sacd 



S 



ABD ■ SbCD 



(4) 



Bto h ecTL., no cymecTBy, cooTHomeHHe ^yajiBHocTH. KaK oSTjacHeno b 
paSoTe []7|, conocTaBJiaa Kaa<;;^OMy TpeyrojiBHHKy njioma^H S co CToponaMH 
k,l,m aMHJiHTy^y 

A{k,l,m)=exp{\S)/S (5) 
[BBeAGnne aKcnoHeniiHajiBHoro mhokhtcjih bosmokho Sjiaro^apa paBencTBy 



S 



ABC 



ACD 



S 



ABD 



BCD, 



a nocTOHHHafl A o^jHHaKOBa /ijih Bcex TpeyrojiBHHKOB), nojiyi^aeM npH no^- 
xo^ameM BBiSope npe^ejioB HHTerpHpoBaHHS ^yajiBHocTL. b ({)opMe 



A(k, I, s) A(s, m, n) djji{s) = / A(k, m, t) A{t^ /, n) dn{t) 



(6) 



r^e 



dii{l) = Idl. 



(7) 

HHTerpHpoBaTL. b (|)opMyjie npe^JiaraeTca no eccM B03M0>KHbiM 

KOH(|)Hrypau;HflM njiocKoro eBKJiH^ioBa T^eTBipexyroJiBKHKa, b tom mhcjic 
HeBBinyKJibiM h c caMonepece^^eHHaMH, Sepa b Ka^^ecTBe no^BiHTerpajiBHoro 
BBipajKeHMH ModyAb jieBoii hjih npaBoii T^acTeii T.e. npHHHMaa, t^to 

KaK njioma^H TpeyrojiBHHKOB, TaK h Mepbi HHTerpHpoBaHHH (|^) Bcer^ia 
nojio>KHTejiL.HL.i (saMBTHM, MTO B paSoTC [|^ paccMaTpHBajiacL. ^pyraa 

B03M0>KH0CTL.). 



1.2 IIpHMep Sojiee cjio>KHoro KOMnjieKca 

PaccMOTpHM npHMep, H3o5pa>KeHHbm na pHC. b KOTopoM necKOJiBKo 

ocymecTBJiHiOTCH no o^epe^H. HeTpy^no naiiTH 



maroB THna 

HKoSHan nepexo^a ot nepeMennbix Iac, ^ae, Ice k nepeMennBiM Ibd, Ibf, 
Idf (r^e I AC — /iJiHHa ^HaronaJiH AC h t.^.), noJibsyacL. na Ka>K^OM 
mare cooTHomenHHMH THna (|3|). He 5y;];eM BBinHCBiBaxL. HKoSHan, a 
npHBe^eM BL.iTeKaionj;ee nenocpe^CTBenno h3 ero BH^a paBencTBo Me>K^y 
"cTaTcyMMaMH" : 

dfl{lAc) ■ d^i{lAE) ■ d^{lcE) f d^{lBD) ■ d^{lDF) ' d^{lBF) 



s 



ABC 



■ Saef ■ St 



CDE 



■ s 



ACE 



Sabf ■ SfinD ■ SnFF ■ S 



'BCD 



DEF ■ JBDF 
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E 




To 3Ke, T^TO H cjieea, b npoeKiiHH 
Ha njiocKOCTB, nepnen/iHKyjiflpHyK) CD 



Phc. 3: 

B KOTopoM MO>fCHO enje ^oSasHTB no^ HHTerpajiBi o^HHaKOBBie MHo>KHTejiH 
THna ex^i^S ABODE f)- HnTerpHpoBaHHe b (^) CHOBa mojkho bbcth no bccm 
KOH(|)Hrypan,HHM mecTHyroJiBHHKa b eBKJiH^OBOH hjiockocth. 

MBI CpaBHHM 9TOT npOCTOH npHMep C aHaJIOFHT^HBIM npHMCpOM 



B n. 2.2 



j\Jisi TpexMepHoro npocTpancTBa. 



TpexMepHOM 



2 Cjiy^aw xpex h 5ojiee HSMepeHHH 

2.1 "9jieMeHTapHoe npeo6pa30BaHHe" b 
npocTpaHCTBe 

PaBGHCTBo (|3p, jiejKamee b ocHOBe HaniHx npeoSpasoBaHHii b ;^ByMepHOM 
npocTpaHCTBe, onHpaeTca na tot {|)aKT, t^to 6 paccTOHHHH MeyKjxy ^eTbiptMa 
TOMKaMH eBKitH^noBoii HJIOCKOCTH cBflsaHBi o^HHM cooTHOHieHHeM. Ana- 
jiorHT^HO, 10 paccTOflHHii Me>K^y nsnribw TO^^KaMH TpexMepnoro npocTpancTBa 
CBHsaHBi o^HHM cooTHomeHHeM (a HMCHHo ypaBHCHHeM KajiH - Menrepa, 
CM. [0), H STO ceHMac no3BOJiHT HaM BBiBecTH "TpexMepHyio" {|)opMyjiy, 
anaJiorHMHyio (^). 

IlycTB Bce paccTOflHHfl MejK^y TO^KaMH A, B, C, D, E na pHc. ^ 

{|)HKCHpOBaHBI, KpOMC IaE H ^BE- SaBHCHMOCTL. MBJK^y /i;H({){|)epeHII,HaJiaMH 

9THX nocJie^HHX ML.I BUBefl,eM Mepes nocpe^CTBO ^ByrpaHHoro yrjia a 
Me>K^y rpaHHMH ACD h ECD h yrjia (5 Me>K^y rpanaMH ECD h BCD. 
CyMMa aTHx yrjioB He MenaeTCfl, TaK KaK b TCTpaa^pe ABCD ^jihhbi pe5ep 
({)HKCHpoBaHbi, noaTOMy 

\da\ = \d(3\. (9) 

Hto5l.i CBflsaTL. (Hae h da, npoBe^eM bbicotbi AK h EL rpaneii ACE h CDE, 
MTO y.a;o5HO HsoSpasHTL., paaeepnye o5e sth rpaHH na hjiockoctl. pHcyHKa, 
CM. pHc. |4|. B TepMHHax ^jiHH OTpesKOB pHc. ^ nojiyi^aeM 



^AE 



Iak + ^el- '^IakIel cos a + / 



KL- 



(10) 



TaK KaK MeHHTBCH MoryT tojibko Iae h a, 

Iae dlAE = Iak I el sin ct da. 



5 



D 



A- 







K 





E 




Phc. 5: 



Hajiee, oSi-eM TCTpaa^pa ACDE 



1 



Vacde = - IcD Iak Iel sin a, 





Iae Mae „ doi 
- = o 



11) 



Vacde Icd 

IIpoflejiaB aHajiorHMHbie BbiKJia^KH ^jih TeTpaa^pa BCDE h ymth (P) 
noJiyMHM HCKOMbiii anajior (()opMyjiL.i 



(12) 



Iae dlAE 




Ibe dlBE 


Vacde 




Vbcde 



TO eCTb 



Ibe QIbe 




Vbcde 


Iae dlAE 




Vacde 



(13) 



2.2 IIpeoSpaaoBaHHii KOMnjieKca h3 hhth Teipaa/ipoB 

B KaMecTBe npHMepa c 5ojiL.mHM ^^hcjiom BepniHH h TeTpaa^poB ^Ba pas- 
5HeHHH Ky5a C'BA'DAD'CB' na 5 TeTpas^poB, H3o5pa>KeHHL.ie na pwc. |5]. 

KoHeMHO, aTOT pHCyHOK HOCHT "tOHO JIOrHMeCKHH" XapaKTep HCTHHHbie 

^jiHHbi peSep Ha hbm He OTpa>fceHt.i h, 5ojiee Toro, "rpanH" THna AC'BD' ne 
oSasaHbi SbiTL. hjiockhmh h Sy^iyT caMH paccMaTpHBaTbca b npoMe>KyTOMHL.ix 
BBiMHCJieHHax KaK TeTpaa;];pL.i Kone^Horo o5i.eMa. 
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By^eM npeo5pa30BL.iBaTL. JieByio T^acTi. pHC. ^ b npaByio, /lejiaa marH 
THna oHHcaHHoro b n. |2 . 1| , T.e. saMeHaa o^ho h3 peSep ^HarpaMMBi na ^pyroe 
H BL.raHCJiHH npH 9TOM HO ({)opMyjie ( p!3| ) T^acTHBie npoH3Bo;];Hbie, npoHSBe^e- 
HHe KOTopbix H ^lacT HKoSHaH nepexo^ia ot mecTH ^jihh ^HaroHajieii rpaHeii 
Ky5a B jieBoii i^acTH k mec™ ^jiHHaM ^iHaroHajieii b npaBoii (^jihhbi peSep 
Ky5a B jieBOH h npaBoii ^^acTHx, KoneMHo, o;i;HHaKOBL.i) . 

Ham nepBL.iH mar 6yAQT cjie^yK)m,HM. SaMexHM, t^to b Bepmnne A' 
cxo^flTCH poBHo xpH pe5pa, H no9TOMy HSMeneHHe ^jihhbi A'B /i;e(|)opMHpyeT 
TOJIL.KO o^HH (h3 hhth H3o5pa}KeHHL.ix B JieBOH i^acTH pHc. |5]) TBTpaa^p, a 
HMeHHo A' BCD. BosBMeM Tenept b Ka^^ecTBe hhth tot^ck hs n. 2J. to^ku 



A, B, B', C w. D, u saMeHHM pe5po A'B na A'B'. Upn 3tom xeTpas^p 
A'BCD nepecTaneT cym;ecTBOBaTL., aaxo hohbhtch Teipaa^p A'B'CD 
(T.e. Bce ero 6 pe5ep npHcyTCTByiOT na B03HHKaiom;eH ^HarpaMMe). He 
5y^eM BbmHCbmaTL. cooTBeTCTByiom;He (|)opMyjiL.i THna (|13|), ho BbinnmeM 
nojiHocTBio 12 npeoSpaaoBaHHH, HyjKHBix ^jih nepexo^a ot jieBoii MacTH 
pHc. |5] K npaBoii. CjieBa mbi yKasBiBaeM, KaKoe pe5po saMeHHeTca na KaKoe 
^pyroe, a cnpaBa — KaKoii Terpaa^p HCT^esaeT h KaKoii noaBJiaeTca: 



A'B - 
BC - 
BD' - 

BC 
CD' - 

A'C - 

CD 
A'D - 

BD 

AD 
AB 
AC 



A'B' 
B'C 
B'D' 

> BC 
CD' 
A'C 

> CD' 
A'D' 

> BD' 

> A'D 

> A'B 

> A'C 



A'BCD - 
ABC'D - 
ABCD' - 

ABCD - 
AB'CD' - 
A'B'CD - 

AB'CD - 
A'B'CD 
ABCD - 

AB'CD - 
ABC'D' - 
AB'CD' - 



> A'B'CD 

> AB'CD 

> AB'CD' 

ABC'D ; 
AB'CD' ; 
A'B'CD ; 

> AB'CD' ; 

A'B'CD' 

> ABCD' ; 

A'B'CD ; 
-> A'BCD' ; 
A'B'CD' . 



3aMeTHM, T^TO nocjie nepBbix Tpex maroB ot mecTH peSep, nepeceKaBmnx- 
ca BHa^^ajie b Bepmnne B, ocTaiOTca TpH, — saTO noaBJiaiOTca TpH hobbix y 
BepmHHBi B' . Hajiee anajiorHT^HBie HSMeneHHa npoHcxo^aT c napaMH Bepman 
C u C, D u D', Am A'. 

Mo>KHO ySe^HTBca, mto b HTore nojiy^aeTca CJie^yiom;aa ({)opMyjia — 
anajior (|)opMyjiBi (|8D: 

J U V-' U Ml) = J U U Ml)- (14) 



no 5 HCXOAHbIM 

TeTpa3;ipaM 



no 6 HCXOilHbIM 

^^waroHajiHM 



no 5 noBBiM 
TeTpaaApaM 



no 6 noBMM 
^^HaronajiiiM 



HHTerpupoBaTL. mokho, no anaJiorHH c pas^ieJiOM [T|, b o5eHx Macxax no 
BceM ;];onycTHML.iM KOH(|)Hrypau;HHM eBKJiH^oBbix BOCBMHBepniHHHHKOB npH 
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(|)HKCHpoBaHHL.ix ^jjiHHax "He^HaroHajiL.HL.ix" pe5ep, CT^HTaa Bce V ia dji 
Bcer;i,a noJio}KHTeJiL.HL.iMH. 



2.3 IIpHMep c "kphbh3hoh" 



BepneMCH TenepL. k nocTpoeHHHM n. 2.1, t^to5l.i noKaaaTb, ^to b hhx bo3 



MOKHO BBe^eHHe "^HCKpeTHOH KPHBH3HL.I, COCpe^OTOMeHHOH B peSpaX KOM- 

njieKca", b jxy^^ HCMHCJieHHH Pe.z];>Ke [ Jl(J[ j b KBaHTOBoii rpaBHTaiiHH. HMeHHo, 
nycTL. "KpHBH3Ha" Ha pHc. ^ cocpe^OTQT^eHa b peSpe CD, mto BL.ipa>KaeTCH b 
TOM, MTO cyMMa /(ByrpaHKBix yrjioB a Memjiy rpaHHMH ACD h ECD, (3 Me>i<^y 
BCD H BCD H 7 Me>K^y BCD h ACD paBHa ne 2tt, a ^ipyroMy (|)HKCHpoBaH- 
HOMy T^HCJiy 27r — uj. YpaBHeHHe KajiH - Menrepa ^jih paccToaHHii MejK^y 
BepniHHaMH na pHc. ^ saMeHfleTca na ^pyroe cooTHomeHHe, saBHcamee ot 
UJ. 9to cooTHomeHHe mo>kho nojiyMHTb, .noSaBHB k ([ToD jspa, anajiorHT^HBix 
paBeHCTBa, BL.ipa>KaK)iiJ,Hx Ibe "^epes (3 h Iab ^epes 7, bbimhcjihb bbicotbi 
TpeyrojiBHHKOB (.HBe h3 Tpex bbicot H3o5pa>KeHL.i na "pasBepTKe" na pHc. 
H OTpesKH, Ha KOTopbie OHH ^ejiHT ocHOBaHHe TpeyrojiBHHKOB CD, Mepes 

^JIHHbl CTOpOH C nOMOmblO oStlMHOH HJiaHMMeTpHH, H SaTBM HCKJIIQt^HB H3 

nojiyT^HBniHxcH cooTHomeHHii a, /3 h 7, cBasaHHbie paBencTBOM 

a + j3 + 'j = 2tt — u. 

Hjih Hac Ba>KHo TO, T^TO (|)opMyjia \da\ = \df3\ (|9|) h Bce nocjie^yiomHe bbik- 
jia^H n. |2.1| , BKJiioT^aH (()opMyjiy (|13|), coxpaHHioT CHJiy, npH^^eM h oSteMbi 



TGTpaa^poB BBMHCJifliOTCfl Mcpes ^jiHHBi CTopoH HO oSbraHOH {|)opMyjie: 

= (0105(02 + 03 + 04 + Oe — fll — 05) + 020-6 («1 + 03 + 04 + 05 — 02 — Og) 

+0304(01 + O2 + O5 + Og — O3 — O4) — O1O2O4 — O2O3O5 — O1O3O6 — O4O5O6), 

r^e ecjiH V = Vacde — oSi-eM TCTpaa^pa ACDE, to 

72 /2 72 /2 /2 72 

'^1 ~ 'aS) '^2 — 'cS' '^3 — I'DEy '^4 — 'AC '^5 — 'CD' '^6 — I'ADy 

HO CaMH ^eCHTL. ;iJIHH CBHSaHBI TCnepL. COOTHOmeHHHMH, y^HTBIBaiOmHMH 

KpHBHsny! 

2.4 MnoroMepHBie o6o6iii;eHHH 

B noJiHoii anajiorHH c "TpexMepHoii" (()opMyjioH (|TT|) HeTpy^HO noJiy^HTL. 
anaJiorHT^Hyio (|)opMyjiy ^jih n-Mepnoro npocTpancTBa: 

^4^=n{n-l)^, (15) 

r^e TenepL. Vacd...z — ra-MepHbiii rHnepoSi-eM cHMnjieKca (c n + 1 BepniH- 
HaMH), Iaz — Annua pe5pa AZ, — (n — 2)-MepHafl "rHnepnjioma^b" 
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CHMHJieKca, nojiyi^aeMoro h3 ACD . . . Z y^ajieHHeM BepniHH A u Z, a a 
— yroji MeJK^y ffBymsi {n — l)-MepHL.iMH rHneprpanaMH, noJiy^aeMbiMH h3 
ACD...Z y^ajieHHCM tomck A m Z cooTBeTCTBeHHO. OTcro^a, KOHei^Ho, 
CJie^yiOT anaJiorH {|)opMyji ([T^ ) h ([T3|), CKaJKeM, anaJioroM nepBoii h3 hhx 
5y^eT 

Vacd...z 



lf>7 dl 



BZ <~l'i'BZ 



BCD...Z 



(16) 



3 OScy^^GHne 

Mbi npHBejiH B n. |2.2| tojibko o^hh hs npocTeftinHx npHMepoB nepecTpoiiKH 



TpexMepHoro CHMnjiHii;HaJiL.Horo KOMnjieKca, a b n. |2.3| — tojil.ko nep- 
BOHa^^ajiBHoe yKasaHHe na to, t^to "^HCKpeTHaa KpHBHsna", noHHMaeMaa 

B CMblCJie HCT^HCJieHHH Pe^>Ke B KBaHTOBOii rpaBHTaU,HH, MOJKeT SblTL. 

BKJiiQT^eHa B HaniH mo^cjih. no9TOMy nepBbie ecTecTBeHHbie sa^aMH 
^jiH ^ajiBHeiimeH paSoTbi TaKOBti: onHcaTb nepecTpoiiKH, npHBo^aniHe 
K paBeHCTBaM CTaTcyMM THna ([l^), ^jih Sojiee cjio>khl.ix KOMnjieKcoB, 
>KejiaTejiL.Ho co;];ep>i<aiiJ,Hx pe5pa, b KOToptix cocpe/tOTOT^ena HenyjieBaa 
KpHBHSHa. Bo3MO>KHO, cjie^ycT paccMOTpeTL. ({)opMyjibi THna ( [TlD H (|1 5|) KaK 
onpe^ejiHiomHe ein;e o^ny "^yajiBHocTi." — Me>K^y ^jihhoh pe5pa h yrjioM. 

HpyroH Kpyr BonpocoB CBasan c tgm, hmciotch jih "marH" KaKoro-JiH5o 
HHoro, MeM oHHcaHo B CTaTBe, BH^a, coxpaHHK)ia,He no^xo^amHM oSpaaoM 
onpe^eJieHHyio "cTaTcyMMy" , CKa>KeM, b ^ByMepHH — marH THna ^^ -^ ^1^ 

TpeTHH Kpyr BonpocoB raKOB: b stoh craTbe o5o5in;aeTca odua h3 ^Byx 
^ByMepHBix Mo^ejieii paSoTbi . HHrepecHo nonpoSoBaxL. HaiiTH MHoroMep- 
Hoe o5o5in,eHHe BTopoii mo^bjih (cBHsaHHoii c aMnjinxy^iOH BeHeii;HaHo) h 
BooSme 5oJiee mnpoKoro Kpyra Mo^eJieii. 

HexBepTBiH Kpyr BonpocoB, ecTecTBeHHBiH ^jih paSoTaiomHx b xeopHH 
TOHHO pemaeMbix Mo^ejieii, — o Mexo^ax BbrancjieHHa "cxaxcyMM" . 3a- 
MexHM, T^xo paSoxa [|8[ yKasbiBaex, b ^lacxHocxH, na po^cxBo ypaBHeHHH 
^ByMepHoii ^yajiBHocxH h Hnra - BaKcxepa. 

riaxBiH Kpyr BonpocoB — o Mo^eJiax, Koxopbie mo>kho noJiyMHxi. 
pe^yKii,HflMH Mo^ejieii b npocxpancxBe Sojibmeii pasMepHocxH. Kojil. cKopo 
pasMepHocxL. npocxpancxBa MOJKex Boapacxaxr. SecKoneT^HocxH, noxojKe, 
Mxo H SoraxcxBo "MajioMepHbix" Mo/tejieii xo>Ke Mo>Kex chjibho BospacxH. 
Cio^a npHMbiKaex xaK>Ke Bonpoc o BKJiioT^eHHH aKcnoHeHii;HajiL.Horo 
MHo>KHxejia xaKoro >Ke xHna, KaK b ypaBHeHHH (^), b MHoroMepHbie 
aMnjiHxy^bi. 
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